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For some time now it has been known that the group algebra of a finite 
group is self-injective [l]. The converse of this result was proved with some 
difficulty by Renault and others [3]. The purpose of this note is to give a short 
proof of this theorem. 
G will denote a group (possibly infinite), K will denote a field, and K[G] 
will be the discrete group algebra of G over K. We show that if K[G] is 
self-injective as a right module then G is finite. 
We begin with the 
LEMMA. If H is a subgroup of G and K[G] is self-injective then K[H] 
is self-injective. 
Proof. Let g, = 1, g, ,... be a set of coset representatives for H in G and 
let 0 be the vector space projection of K[q onto K[K]. It suffices to show 
that for any right ideal I of K[H] the following diagram can be completed: 
O-IL K[H] 
-1 
/ 
f /‘$ 
Al’ 
KWI 
J = Ci lgi is a right ideal of K[G]. Define 3 : J -+ K[Gj by 3(x a,gJ = 
C f (q) gi where ai E I. If u E G then giu = hijgj for some hij E H. 
f (( C Wi) u) = f (T a&gj) = C f (&~lg, = C f (dhjgj 
= c f ww = f (c Wi) - u* 
Thus3 is a K[G+map. 
By self-injectivity 34 : K[Gj --+ K[Gj 34 lJ = 3. Set $ = O(r$ b&. Then 
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# II = e@ II> = e(3 II> = sf = f* c is a K[H]-map: if h E H, 01 E K[H] then 
+larh) = 8(&h)) = e(&)h) = e(&,)) . h = 4~~) - h. 
LEMMA. If K[G] is self-injective then G is locally finite. 
Proof. The following result is known [2]: if R is a self-injective ring then 
every proper finitely generated left ideal has a proper right annihilator. Let 
gl ,g2 ,...,g, E G. KiZIU - gI) + K[W - g2) + 1.. + JWl(1 - g,J is a 
left ideal of K[G] in the augmentation ideal which is proper. Thus there is 
a non-zero a E K[G] 3 (1 - g,)a = 0 for i = I,..., 71. This implies that the 
group generated by {gr , g, ,..., g,} is finite [I]. 
THEOREM. If K[Gj is self-injective then G is$nite. 
Proof. Suppose K[G] is self-injective and G is infinite. By the two 
lemmas we may assume that G = lJ2, Gi where Gr $ G2 E Gs g ... is a 
strictly increasing chain of finite subgroups. Set ) G, 1 = S, . 
Inductively define a, E K[G,] by a, = 1 and a,,, = a, + CIEG,g. Then 
an+1 = (gsG TG _ g) + 2 (g.,,~eGn-lgJ + “’ + @ + I)* 
n ?I 1 
If I is the augmentation ideal of K[G] define f  : I+ K[Gj as follows: 
ifg E G, setf(g - 1) = a, . (g - 1). We show f  is well-defined by showing 
that g’ E G, C G,,, implies (a,,, - a,)(g’ - 1) = 0. But 
(a?z+1 -a,)(g’-1)=(x g)(g’-l)=O. 
QEG,, 
It is now immediate that f  is a right K[G]-map. 
If K[G] is self-injective 3p E K[Gj 3 f  (g - 1) = p . (g - 1) Vg E G. Let 
p, be the image of p under the vector space projection K[Gj -+ K[G,]. 
If R = 0 then the support of p, contains G,-, - GnP2 which implies 
I SUPP P, I 3 &-I - &-.2 > &-2 . If k # 0 then the support of p, 
contains a coset of G,-r other than G,,-, itself; this implies / Suppp, 1 2 
S,-, . In any event, 1 Supp p, 1 > S,,-, and S,-, -+ co. Thus p cannot have 
finite support, a contradiction. 
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